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Abstract

A property of stationarity for the resonant frequency of a rectangular cavity in function

of the thickness of a dielectric slab inserted in it,

method of the permittivity of the sample.
Introduction

A rectangular microwave cavity is consi-
dered (see figure 1), which contains in its
middle a low loss, homogeneous and preferably
isotropic dielectric slab (filling the x-y
section) and which resonates in a mode TE,

(thus the electric field of which is orien-
tated along the y-axis)

For the modes with index n>2, it exists,
on each side of the middle plane, at least
one x-y plane on which the field E is null.
If this plane coincides with the dielectric
interface, the resonant frequency of the cavi-
ty does not change at the first order in func-
tion of the sample thickness. This property
of stationarity - which according to us has
not yet been considered in the litterature =~
presents interesting metrological consequen-
ces which will be used for the accurate
(though simple) determination of the permit-
tivity of the sample.

Characteristic relations at a
stationary point

As the electric field is constant along
the y-axis and orientated in this direction,
the concerned structure is bidimensional and
inhomogeneous on one dimension. For such a
problem the eigenvalues equation and the field
expressions are well known (see for instance')
Given on a normalized form, one has
~eigenvalues equation
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(sign plus or minus according as the mode is
odd or even for the n-index) where we put
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(e is noted for the relative permittivity -
scalar quantity as the losses are neglected)

From the measured frequency and the geo-
metrical dimensions, this equation is easity
solved for € by means of a calculator if care
is taken to extract the right root

- electric field expression (limited by rea
of symmetry to the first half of the cavity)

E = Ey(x,2z) = £(z) sin 1lmx/a

on air portion : f(z) = gin TT%¥TE z (2)
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leads to a new and accurate measuring

on dielectric portion

T

_ £ . 2Y _
f(z) = =T 3 cosX sin T4 (z 5 d)
(2)
. 2Y 1-T
+ sinX cos Td (z 5 d)
The stationary point (noted with the sub-
script s for each related quantity) is charac-

terized by £(z) = 0 at the dielectric inter-
face. This hields

X = kmn (k, integer,is the order of zero
of eleftric field numbered from z = 0)
which, put in the eigenvalues equation (1) gives

a second stationary relation

i
2

These two relatioans allow,

Ys = (n-2k)

at a stationary

point, to relate, two by two, the resonant fre-
quency, the sample thickness, and its permit-
tivity. , V2
FS = A2+ ﬂ———z— (3a)
(1-T )
_ A% (201t
®s = 3 ) 7 (3b)
AT+ 4KT/(1-Tg)
_ 1 2 n-2k 2
€g = " 5 (A +(l- an ) (3¢)
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These stationary formulas can be considered as
very simple.

As an example, on figure 2 are plotted, for
different values of ¢, the F-T curves of a ca-
vity with d=a and resonating in the mode TEjg3
On the same diagram is superposed the statio-

nary F_-T curve (formula 3a) which crosses the
formers at an inflexion point with horizontal
tangent as it can be shown.

In the next paragraphs, are described two
methods of determining the permittivity of the
sample and which proceed from the property of
stationarity. .
First method determination of the permit-
tivity by frequency measurement around a

stationary point

The advantage to solve the eigenvalues -
equation in the vicinity of a stationary point
is clearly the larger tolerance on the sample
thickness which is permitted for a given error
on €. Such an information can be presented
graphically as on figure 3 which appeals seve-
ral comments.



(1) The upper and lower limit curves give
strictly the tolerances over T to reach an
error of * 17 over € at a statiomary point.For
instance for a permittivity e,, its determina-
tion will be accurate to 17 if we take a thick-
ness T; (stationary value) with tolerances
(T2-T;) and (T|-T3). Besides this particular
interpretation, this diagram has a more gene-
ral scope.

(2) The tolerances over T are still shown
when one diverges from the stationary point.
For the same thickness T; but with a permitti-
vity ep the two tolerances become respectively
(T4-T}) and (T|-T5) (This comment is no more
valid when b comes near a). If the permittivi-
ty is estimated beforehand between certain
limits, one can thus fix the most appropriate
Fhickgess anq the correspondiggcgggggfgces are
immediatly given.

(3) The same diagram gives finally the range
of validity of the stationary formula Fs—es(3a)
when used outside a stationary point. For the
thickness T; and without going beyond an error
of £ 1%, we can apply this formula for an
e-range between €, and €4 (This range is redu-
ced in function of the tolerance over Ty .

As we can see this range is very high (typi-
cally between 70% and 1007 of the correspon-
ding stationary value of €). Using formula
Fg-eg gives thus a mean very quick and accura-
te in large limits to determine the permitti-
vity.

In spite of the advantages mentioned
above of staying in the vicinity of a statio-
nary point, a study of sensitivity shows that,
in connection with the accuracy on ¢, three
items are eritical.

(1) The accuracy on the measured frequency

For pratical cases, the admissible uncer-
tainty over f giving an error on ¢ lower than
one percent is a few parts in ten thousands.
The use of a cavity wavemeter can be very 1li-
miting in this sense. It is to be noted that
the measured frequency must be corrected for
taking into account the coupling holes and ca-
vity-Q effects.

(2) The accuracy on the geometrical dimensions
of the cavity.

A few hundreths of mm are normal in X-band
always to reach one percent accuracy on €,

(3) The interstice between the sample and the
walls perpendicular to the electric field

The same order of magnitude than
vious item is here of application. It
be noted that this problem was solved
classical method of perturbation (see
instance <)
perturbated

in pre-
should
by the
for
consisting to assimilate the fields
by the interstice to unperturbated

fields. For reasonable gaps, the theoretical
results are closely confirmed by experimenta-
tion.

The previous statements lead us to pro-
pose an other method of determination of ¢,
using the stationary property in a different
manner.

Second method : determination of permittivity
by solving the £5-T. formula at a stationary

point.

In the previous method one solved the
eigenvalues equation (or quicker the eg-Fg
formula) around a stationary point. It is now
proposed to solve preferably the eg~Tg formula
(3b), this time exactly on a stationary point.
Several considerations plead for this method.
(1) The frequency disappears from the problem
(2) As it is shown by a study of sensitivity,
the accuracy on the geometrical dimensions is
here much less critical than with the first
method. A gain of one order of magnitude on
the tolerances is typical (this time, the tole
rance over the sample thickness is similar to
that over the cavity dimensions).

(3) The stationary thickness Tg can be known
with great accuracy. It is evidently excluded
to adjust the sample thickness to its statio-
nary value by the observation of a stationa-
rity in the frequency (the sensitivity of this
method should be desastrous). The proposed
procedure derives from the remarkable property
that, at a stationary point, the frequency does
not change for any shift of the slab from the
center.

If now one swerves from the stationary
thickness, one proves the following result :

2

df/f = ags (4)

where we have

df/f = relative frequency shift .due to
uncentering of the sample
relative deviation of T from its sta-

tionary valve dis

6 =

§ = uncentering of the sample (ghpposed
small)
a = constant of proportionality depending

on the mode and the geometrical di=-
mensions.
For a given uncentering, the frequency shift
is thus proportional to the thickness devia-
tion relative to its stationary value. The pro-
cedure required for the determination of Tg
proceeds immediatly from this statement.

(4) Finally,due to the differential character
of this method of determination of Ty, one

shows that the interstice quoted above has an
effect on the result only at the second order.

The previous comments show the superio-
rity of this second method over the first one
regarding the accuracy. The price to be paid
is a procedure slightly longer.

Some results of measurements

Comparative measurements were made in
X-band on two standard samples, respectively
of pure fused silica (e ~ 3,8)and crosslinked
polymer (e ~ 2,5). A discrepancy smaller than
1%Z between the results obtained by the two
methods was observed for both samples. The se-
cond method is however more reliable as alrea-
dy said and gives an uncertainty estimated to
a few pro-mille. Otherwise the agreement bet-
ween our results and the attested value of our
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samples (cut from stocks issued from an emi-
nent U.S. research laboratory) stays also wit
hin one pro-cent. Machining and environmental
conditions could explain partially this dif-
ference. Further work is here to be done.

Conclusions

Starting from a stationary property en-
countered in rectangular cavities containing
a dielectric slab, two methods were developed
for the determination of the permittivity of
a dielectric sample. The first one is charac-
terized by simplicity and rapidity, the second
by accuracy (although still simple). Such a
rectangular sample shape is interesting be-
cause it corresponds to material structures
used in many practical devices. Furthermore,
the rectangular cavity is very easy to build
from a commercial wave guide.
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